In what follows, Q and Q denote the fields of rational and algebraic numbers respectively. In 1929, Mahler [4] proved the following theorem: Let {a k } k≥0 be a linear recurrence satisfying (1) . Suppose that Φ(X) is irreducible over Q and the roots 1 , . . . , n of Φ(X) satisfy 1 > max{1, | 2 |, . . . . . . , | n |}. If α is an algebraic number with 0 < |α| < 1, then the number ∞ k=0 α a k is transcendental. In this paper, we establish two theorems on the algebraic independence of the values of power series generated by linear recurrences with conditions on Φ(X) weaker than those of Mahler (see Remark 1 below).
Let {a k } k≥0 and {b k } k≥0 be linear recurrences satisfying (1) . We write {a k } k≥0 ∼ {b k } k≥0 if there is a nonnegative integer l such that
Then ∼ is an equivalence relation. Its negation is written as {a k } k≥0 ∼ {b k } k≥0 . We denote by f (l) (z) the lth derivative of a function f (z). [177] and let α be an algebraic number with 0 < |α| < 1. Then {f (l) i (α)} 1≤i≤s, l≥0 are algebraically independent if and only if {a R e m a r k 1. Since we do not assume that Φ(X) is irreducible over Q, our assumption on Φ(X) is weaker than that of Mahler, because of the following fact: Suppose that the polynomial Φ(X) defined by (2) with n ≥ 2 is irreducible over Q. Then the roots 1 , . . . , n of Φ(X) satisfy the condition R e m a r k 2. In the case where {a k } k≥0 is a geometric progression, Loxton and van der Poorten [3] obtained the following result:
. , s) be linear recurrences satisfying (1). Suppose that Φ(±1) = 0 and the ratio of any pair of distinct roots of Φ(X) is not a root of unity. Let
where d is an integer greater than 1, and let α 1 , . . . , α r be algebraic numbers with 0 < |α i | < 1 (1 ≤ i ≤ r). Then the following three properties are equivalent: 
R e m a r k 3. As a special case of the result of Nishioka [6] The author is grateful to Prof. K. Nishioka for her valuable advice.
Lemmas.
Let Ω = (ω ij ) be an n × n matrix with nonnegative integer entries. Then the maximum of the absolute values of the eigenvalues of Ω is itself an eigenvalue (cf. Gantmacher [2, p. 66, Theorem 3]). If z = (z 1 , . . . , z n ) is a point of C n with C the set of complex numbers, we define a transformation Ω :
We suppose that the matrix Ω and an algebraic point α = (α 1 , . . . , α n ), where α i are nonzero algebraic numbers, have the following four properties:
(I) Ω is nonsingular and none of its eigenvalues is a root of unity, so that in particular > 1.
(II) Every entry of the matrix Ω
for all sufficiently large k, where c is a positive constant.
(IV) If f (z) is any nonzero power series in n variables with complex coefficients which converges in some neighborhood of the origin, then there are infinitely many positive integers k such that f (Ω k α) = 0.
We note that the property (II) is satisfied if every eigenvalue of Ω of absolute value is a simple root of the minimal polynomial of Ω.
Let K be an algebraic number field. In what follows, the rings of polynomials and formal power series in variables z 1 , . . . , z n with coefficients in
converge in an n-polydisc U around the origin and satisfy a functional equation of the form
. . .
where A is an m × m matrix with entries in K and
Suppose that the n × n matrix Ω and a point α whose components are nonzero algebraic numbers have the properties (I)-(IV) and
In what follows, N 0 denotes the set of nonnegative integers.
Lemma 2 (Skolem-Mahler-Lech's theorem, cf. Cassels [1] ). Let C be a field of characteristic zero. Let 1 , . . . , d be nonzero distinct elements in C and P 1 (X), . . . , P d (X) nonzero polynomials of X with coefficients in C. Then
is the union of a finite set and a finite number of arithmetic progressions. If R is an infinite set, then i / j is a root of unity for some distinct i and j.
Lemma 3 (Masser [5] ). Let Ω be an n × n matrix with nonnegative integer entries for which the property (I) holds. Let α be an n-dimensional vector whose components α 1 , . . . , α n are nonzero algebraic numbers such that 
. , i n not all zero and positive integers a, b such that
(α (k) 1 ) i 1 . . . (α (k) n ) i n = 1 for all k = a + lb (l = 0, 1, 2, . .
.).
Let {a k } k≥0 be a linear recurrence satisfying (1). We put (6) is Φ(X). Let 1 , . . . , d be the distinct eigenvalues of Ω. Since every entry of Ω is nonnegative, we may assume
Lemma 4. Suppose that Φ(±1) = 0 and the ratio of any pair of distinct roots of Φ(X) is not a root of unity. If α is an algebraic number with
Since each a We can write (7) a
where at least one of b
is not zero. Since a
we have
This implies that b (i)
> 0 for any i, since at least one of b
Hence the property (III) is satisfied. Assume that there exist integers i 0 , . . . , i n−1 not all zero and positive integers a, b such that
is nonzero linear recurrence, there are distinct i and j such that i / j is a root of unity by Lemma 2. This contradicts the assumption in the lemma. Therefore the property (IV) is satisfied. This completes the proof of the lemma.
R e m a r k 4. Let {a k } k≥0 be as in Theorem 1. Then we have
k and a 0 , . . . , a n−1 are not all zero. P r o o f o f t h e s t a t e m e n t i n R e m a r k 1. We only have to prove that none of i / j (i = j) is a root of unity if 1 > max{1, | 2 |, . . . , | n |}, since the converse is already proved in the proof of Lemma 4. Suppose that i / j is a root of unity for some distinct i and j. We choose an automorphism σ of the field Q such that 
Suppose that Φ(±1) = 0 and the ratio of any pair of distinct roots of Φ(X) is not a root of unity. Denote by {a (i)
k } * k≥0 the set of numbers appearing in {a
is an infinite set if and only if {a
P r o o f. We only have to prove that {a
is an infinite set. Assume that there are infinitely many pairs k 1 and k 2 such that a
. By Remark 4, we have
where 1 > 1 and b (1) , b (2) > 0. For any positive number ε there is a non-
, b
}, we get 0 < b
Hence there are infinitely many pairs k 1 and k 2 such that k 2 − k 1 = l for some integer l. Letting
we see that the linear recurrence {b k } satisfies (1) and has infinitely many zeros. By Lemma 2, b k = 0 for any k ≥ max{0, −l}, and the lemma is proved.
Proofs of Theorems 1 and 2
P r o o f o f T h e o r e m 1. We only have to prove that {f
be monomials of z 1 , . . . , z n , which we denote similarly to (3) by
0 )z. By (3) and (8), we get
where Ω is the matrix defined by (6) , and then define the power series
Then f i (z) = g i (1, . . . , 1, z) and g i (z) satisfies the functional equation
Letting 
Then S is not empty. For any i ∈ S, R i (a
. This is a contradiction. Suppose that S has at least two elements.
is an infinite set, where the notation is the same as in Lemma 5, thereby we have {a
This completes the proof of the theorem.
P r o o f o f T h e o r e m 2. Obviously (iii) implies (ii), and (ii) implies (i). We only have to prove that (i) implies (iii).
There exist multiplicatively independent algebraic numbers β 1 , . . . , β m with 0 < |β j | < 1 (1 ≤ j ≤ m) such that
where ζ 1 , . . . , ζ r are roots of unity and l ij (1 ≤ i ≤ r, 1 ≤ j ≤ m) are nonnegative integers (cf. Loxton and van der Poorten [3] ). Let y jp ( variables and let y = (y 11 , . . . , y 1n , . . . , y m1 , . . . , y mn ) . Define
Then we have It follows that
Then
For each i, there exists at least one of j such that l ij = 0, since |α i | is less than 1. Choosing such a j for each i and letting
We shall verify that the matrix Ω defined by (10) and
have the properties (I)-(IV). By the proof of Lemma 4, the matrix Ω 1 defined by (9) has the property (I), its eigenvalues 1 , . . . , d satisfy 1 > max{| 2 |, . . . , | d |}, and 1 is a simple root of the characteristic polynomial of it. Hence Ω also has the properties (I) and (II). Put
as in the proof of Lemma 4. Then we have
where b 
we get
Then S is not empty. Suppose that λ ∈ S. Let
We assert that
for all sufficiently large k. To the contrary we assume that there exist infinitely many k such that (13) does not hold. Then by (12), there exist some index µ ∈ S \ {i 1 , . . . , i s } and infinitely many pairs
Then T is not empty. For any j ∈ T , {l λj a k } k≥0 ∼ {l µj a k } k≥0 by Lemma 5 and l λj /l µj is equal to a constant c. Hence there exists a nonnegative integer l such that a k+l = ca k (k = 0, 1, 2, . . .). i < j ≤ 4). Define
